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The d i sc repancy  between e x i s t i n g  estimates of t h e  

a s t r o n o m i c a l  u n i t  f a r  exceeds t h e  p r e v i o u s l y  a c c e p t e d  

p robab le  errors. This  RAND Memorandum d i s c u s s e s  three 

a s p e c t s  of s t a t i s t i ca l  theo ry ,  each of which may be 

r e l e v a n t  t o  r e s o l v i n g  t h e  d i sc repancy .  I t  shou ld  be of 

i n t e r e s t  t o  anyone (astronomer o r  s t a t i s t i c i a n )  who esti- 

mates so la r  s y s t e m  c o n s t a n t s .  I t  w a s  suppor t ed  by t h e  

Na t iona l  Aeronau t i c s  and Space A d m i n i s t r a t i o n  under  

C o n t r a c t  No. NASr-21 (04). One of t h e  a u t h o r s ,  A l l a n  

Marcus, w a s  a c o n s u l t a n t  t o  The RAND Corpora t ion .  
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SUMMARY 

is5 4 6  
I n  de t e rmin ing  t h e  as t ronomica l  u n i t ,  (1) any n e g l e c t  

of t h e  p o s s i b l e  c o r r e l a t i o n  of e r r o r s  may r e s u l t  i n  a n  

u n d e r e s t i m a t e  of t h e  s t a n d a r d  d e v i a t i o n  of t h e  a . u .  

e s t i m a t e ;  (2) an  estimate of t h e  pa rame te r s  of pr imary 

i n t e r e s t  w i t h  s m a l l  v a r i a n c e  may be based on a l e a s t - s q u a r e s  

f i t  u s i n g  r e a s o n a b l e  assumed v a l u e s  o f  t h e  a d d i t i o n a l  

pa rame te r s  a s  c o n s t a n t s ,  r a t h e r  t han  i n c l u d i n g  them i n  t h e  

f i t ;  and ( 3 )  t h e  v a r i a n c e  of a n  a . u .  estimate may be 

e s t i m a t e d  v a l i d l y  from a s i n g l e  o b s e r v a t i o n  of a related 

phenomenon (e .g . ,  d i s t a n c e  from Ear th  t o  Venus),  p rovided  

t h a t  t h e  v a r i a n c e  of  t h a t  p a r t i c u l a r  o b s e r v a t i o n  is known. - 
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STATISTICAL ANALYSIS OF ASTRONOMICAL UNIT ESTIMATES 

1. INTRODUCTION 

This Memorandum d i s c u s s e s  t h r e e  s e p a r a t e  a s p e c t s  of  

s t a t i s t i ca l  t h e o r y ,  each r e l e v a n t  t o  t h e  problem of how 

d a t a  on a s t r o n o m i c a l  u n i t  (a.u.) d e t e r m i n a t i o n s  may be  

used  w i t h  s t a t i s t i ca l  e f f i c i e n c y .  

The d i sc repancy  between Rabe's estimate [3] of t h e  

a.u.  (1.495256 x 10' km) and t h e  JPL estimate [ 4 ]  of  t h e  

a.u.  (1.495988 x 10 km) is ove r  10 t i m e s  t h e  c i t e d  8 

p r o b a b l e  error of Rabe's estimate and about  300 t i m e s  t h e  

cited p robab le  error of t h e  JPL estimate. Assuming no 

s y s t e m a t i c  errors i n  either estimate, the  on ly  l o g i c a l  

r e c o n c i l i a t i o n  o f  t h e  two estimates would be ,  by c a r e f u l  

examinat ion ,  t o  d i s c o v e r  t h a t  the  estimated p robab le  errors 

a re  indeed too small. The f i r s t  s e c t i o n  of t h i s  Memorandum 

i n d i c a t e s  a p o s s i b l e  s o u r c e  of  t h i s  unde res t ima te - - the  

e f f e c t  of c o r r e l a t i o n  upon t h e  v a r i a n c e  o f  a sample a v e r a g e .  

A common example of  t h i s  is when s e p a r a t e  a . u .  estimates 

a re  made and t h e n  averaged  from t h e  d a t a  of t h e  same 

expe r imen t .  

The second s e c t i o n  e x p l o r e s  t h e  q u e s t i o n  of  whether  

or n o t  a d d i t i o n a l  parameters ,  of  which w e  have good p r i o r  

estimates, shou ld  be treated a s  unknowns and ,  a l o n g  w i t h  

t h e  pa rame te r s  of direct  interest ,  be e s t i m a t e d  v i a  least  

s q u a r e s .  Such t r e a t m e n t  w i l l  unques t ionab ly  l e a d  t o  a 

smaller r e s i d u a l  sum of s q u a r e s ,  b u t  t h e  r e s u l t i n g  estimates 
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o f  t h e  parameters  of  pr imary i n t e r e s t  may v a r y  more wide ly  

t h a n  would estimates of t h e s e  pa rame te r s  t h a t  are  based  on 

l e a s t  squa res  bu t  u s e  our  p r i o r  estimates f o r  t h e  v a l u e s  

of  t h e  a d d i t i o n a l  pa rame te r s .  

Note, however, t h a t  a s y s t e m a t i c  e r r o r  o r  b i a s  is 

in t roduced  when a n  i n e x a c t  p r i o r  estimate of  a parameter  

of i n c i d e n t a l  i n t e r e s t  is used i n  a l e a s t - s q u a r e s  a n a l y s i s .  

Thus there  may be a t r ade -o f f  between magnitude o f  system- 

a t i c  e r r o r  and magnitude of p robab le  e r r o r  t h a t  shou ld  

d e t e r m i n e  which mode of a n a l y s i s  is a p p r o p r i a t e  i n  a g iven  

s i t u a t i o n .  The r e s u l t s  of E c k s t e i n  [ l ]  may be viewed i n  

t h i s  l i g h t .  H e  shows t h a t  25.6% of  t h e  d i sc repancy  between 

Rabe's and JPL's estimates of t h e  s o l a r  p a r a l l a x  (and hence 

26.5% of t h e  d i sc repancy  between t h e i r  a . u .  e s t i m a t e s )  a re  

due t o  t h e i r  u s i n g  d i f f e r e n t  v a l u e s  o f  some i n c i d e n t a l  

s o l a r  s y s t e m  pa rame te r s .  I n  a d d i t i o n ,  t h e  p robab le  e r r o r  

of  t h e  estimate of  t h e  s o l a r  p a r a l l a x  decreased from Rabe 's  

0'!00039 t o  0'!00008. T h i s ,  t h e n ,  is a n  example of  a s i t u -  

a t i o n  where t h e  i n t r o d u c t i o n  of a b e t t e r  v a l u e  f o r  a n  

i n c i d e n t a l  parameter  d e c r e a s e s  t h e  magnitudes of  bo th  t h e  

s y s t e m a t i c  and p robab le  e r r o r s .  

The t h i r d  s e c t i o n  shows how t o  o b t a i n  t h e  v a r i a n c e  of  

a n  estimate of a parameter  based  o n  a s i n g l e  o b s e r v a t i o n .  

T h i s  technique  is t h e n  a p p l i e d  t o  an  i d e a l i z e d  v e r s i o n  o f  

t h e  JPL exper iment .  Because t h e  JPL estimate of  t h e  a . u .  

is a n  ave rage  o f  s e v e r a l  estimates, each  o f  ou r  c a l c u l a t e d  
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v a r i a n c e s  w i l l  d i f f e r  f r o m  the  v a r i a n c e  of t h e  JPL estimate. 

However, t h e  v a r i a n c e s  t a b u l a t e d  here a r e  combined i n  t h e  

manner e x p l a i n e d  i n  S e c t i o n  2 (assuming no c o r r e l a t i o n  

between s u c c e s s i v e  e s t i m a t e s )  t o  o b t a i n  a n  order-of-magnitude 

i n d i c a t i o n  of  t h e  v a r i a n c e  of t h e  JPL a . u .  estimate which 

is c o n s i s t e n t  w i t h  t h e i r  cited v a l u e  of t h e  p robab le  error. 
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2 .  EFFECT OF CORRELATION ON VARIANCE OF A SAMPLE MEAN 

For b r e v i t y  of nomenclature ,  w e  s h a l l  ex t end  t h e  use  

of t h e  word experiment  t o  i n c l u d e  any e x e r c i s e  i n  which 

o b s e r v a t i o n s  are made on a p h y s i c a l  phenomenon. U s i n g  t h i s  

same word, t h e r e f o r e ,  w e  can  r e f e r  bo th  t o  Rabe ' s  o b s e r v a t i o n s  

on t h e  o r b i t  of Eros ,  a n a t u r a l  phenomenon, and t o  JPL's 

o b s e r v a t i o n s  on a r a d a r  probe of  Venus, a man-made phenomenon. 

Measurements from such a n  "experiment" are u s u a l l y  

imprec ise ,  i n  t h a t  t h e  observed  v a l u e  is composed of t h e  

t r u e  v a l u e ,  which one hoped t o  obse rve ,  p l u s  e r r o r s .  These 

e r r o r s  a r e  u s u a l l y  c l a s s i f i e d  a s  be ing  e i the r  s y s t e m a t i c  

e r r o r s ,  which a r e  due t o  a d e f i n i t e  cause  and ac t  acco rd ing  

t o  a d e f i n i t e  law, o r  random e r r o r s ,  which show no regu- 

l a r i t i e s  a n d  a r e  i n d i s t i n g u i s h a b l e  from random numbers drawn 

from some p r o b a b i l i t y  d i s t r i b u t i o n  whose mean is z e r o .  We 

s h a l l  assume t h a t  t h e  on ly  e r r o r s  p r e s e n t  i n  our  o b s e r v a t i o n s  

a re  random e r r o r s .  The p r o b a b i l i t y  d i s t r i b u t i o n  of t h e s e  

e r r o r s  is u s u a l l y  t h e  normal d i s t r i b u t i o n  w i t h  parameter  0, 

t h e  s t a n d a r d  d e v i a t i o n .  

Usual ly ,  many o b s e r v a t i o n s  a r e  made of t h e  same phe- 

nomenon. I f  w e  l e t  5 be t h e  t r u e  v a l u e ,  w e  can  e x p r e s s  

t h e  o b s e r v a t i o n s  a s  X1, . . ., Xn, where Xi = + Ui and 

'i is a random e r r o r .  S ince  E [ U i ] ,  t h e  expec ted  v a l u e  

of u i ,  is z e r o  f o r  a l l  i ,  w e  see t h a t  a n  unbiased  

e s t i m a t e  of 5 is 
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n 
c Xi 

- i=l x = -  n 

The s t a n d a r d  assumption made about  t h e  U i ' s  is t h a t  

t h e y  a re  independent  and i d e n t i c a l l y  d i s t r i b u t e d .  I f  so, 

t h e  v a r i a n c e  of U i ,  V [ U , ] ,  e q u a l s  o2 for  a l l  i. Then 
A A 

2 
U v[X] = n . 

If t h e  U i ' s  are independent 
2 d i s t r i b u t e d ,  so t h a t  V[Ui] = ui, A 

A 

n 
c u2 

l. i=l 

n 2 .  VFX] = 

F i n a l l y ,  i f  t h e  U i ' s  a r e  a l s o  

b u t  n o t  i d e n t i c a l l y  

t h e n  

c o r r e l a t e d ,  w i t h  pi j  

t h e  c o r r e l a t i o n  between Ui  and U j ,  t h e n  

n n n 

- 
W e  are  be ing  so e x p l i c i t  because i f  X is used as  a n  

estimate of 5 ,  t h e  s t anda rd  d e v i a t i o n  of t h e  estimate is 

d V [ X ]  . When t h e  estimate is normally d i s t r i b u t e d  (as is 
- 
X i n  t h e  above cases), t h e  "probable  error" 77 is d e f i n e d  

a s  
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Thus ?T = . 6 7 4 4 m .  I n  t h i s  pape r ,  w e  s h a l l  be i n t e r e s t e d  

on ly  i n  V [ x ]  and its s q u a r e  root,  and no t  i n  7 c .  W e  s h a l l  

t h e r e f o r e  avoid  t h e  mis t ake  of  t o o  many expe r imen te r s  who 

l o o s e l y  use  t h e  t e r m  "probable  e r r o r "  t o  mean /m , 
r a t h e r  t han  P. 

Another confus ion  o c c u r s  when some phenomenon is s a i d  

t o  be "known t o  w i t h i n  6." This  may s t a t e  t h e  l i m i t s  of 

t h e  expe r imen t ' s  o b s e r v a t i o n a l  p r e c i s i o n ,  b u t  n o t  t h e  

probable  e r r o r  o r  t h e  s t a n d a r d  d e v i a t i o n  of  U. The l a s t  

two measure t h e  r e p r o d u c i b i l i t y  of t h e  observed  v a l u e  i f  

t h e  experiment is r e p e a t e d ,  a measurement t h a t  of  c o u r s e  

depends on ,  b u t  is no t  synonymous w i t h ,  t h e  l i m i t s  of obse r -  

v a t  i o n a l  p r e c i s i o n .  

The confus ion  among t h e s e  t h r e e  d i f f e r e n t  measures of  

error may cause  some of t h e  d i sc repancy  i n  t h e  e s t i m a t e s  

of e r r o r  f o r  t h e  a . u .  es t imates .  

O n e  u s u a l l y  u s e s  t h e  q u a n t i t y  

n 
- 2  c (Xi - x) 

s2 - i=l - n(n  - 1) 

as  a n  estimate of V [ z ] .  The expec ted  v a l u e  of S2 is 
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n 

- 1- i=l 

n n(n  - 1) E[ S2] = 

+ n42 - ~ V [ S I I -  n< 2 
i=l - 

n(n  - 1) n n n 

j 
2n C C pij  ai o 

C O ; ( l  - n 

- i=l n 
n(n  - 1) 

i=l j=i+l - 
2 - 

L n n  n ( n  - 1 ) n  1: 

j 
2 c c P i j  Oi 0 
i=l j=i+l 

h 
- i=l 

n - - 
L z n n (n - 1) 

e x c e p t  when p i j  = 0 for  a l l  i, j . Thus, o n l y  i f  t h e  

o b s e r v a t i o n s  are  u n c o r r e l a t e d ,  is t h e  "mean-square-deviation 
- 

d i v i d e d  by n" a n  unbiased estimate of t h e  v a r i a n c e  of  X. 

I n  t h e  s imple  case when 0; = o2 f o r  a l l  i and 

= p f o r  a l l  i, j ,  then P i j  

2 2 no  + n(n-1)po 
2 v[X] = 

n 

where p must exceed - l / ( n - l ) .  I n  any e v e n t ,  i f  p > 0 ,  

which is t r u e  for most p h y s i c a l  s i t u a t i o n s ,  t h e n  

V[X] > a2/n. Thus a s imple  d i v i s i o n  of O2 (or a n  estimate 

of 02) by n w i l l  y i e l d  a n  u n d e r e s t i m a t e  of t h e  v a r i a n c e  

of x. - 
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In a more complicated, but more realistic case, where 

the X.'s are a time sequence of observations, one might 

postulate that the correlation between Xi and X falls 

off as the time between making the observations Xi and 

X4 increases. One such correlation model is given by 

1 

j 

J 

. When cr? = cr2 for all i, then in this li-j I Pij = P 
model 

For large n ,  the second term is negligible. One thus 

sees that here, too, when p > 0 a simple division of cr 

(or an estimate of 02) by n will yield an underestimate 

of the variance of X,. by a factor of (l+p)/(l-p). 

2 

- 

From this, we see that by neglecting the possible 

correlation of errors we may underestimate the error in the 

true value's estimate. 
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3 .  EFFECT OF FITTING ADDITIONAL PARAMETERS I N  LEAST- 

SQUARES ANALYSIS 

I n  t h e  p rev ious  s e c t i o n ,  w e  d i s c u s s e d  exper iments  i n  

which on ly  one parameter  is t o  be es t imated .  I n  a c t u a l i t y ,  

though, t h e  measurable  phenomenon 5 is a f u n c t i o n  of many 

parameters  and t h e  experimenter  u s u a l l y  a t t e m p t s  t o  u s e  

h i s  o b s e r v a t i o n s  on 5 t o  estimate a l l  t h e s e  pa rame te r s .  

I n  doing  t h i s ,  he  t y p i c a l l y  employs some v a r i a n t  of least-  

s q u a r e s  a n a l y s i s ,  and f i n d s  t h e  set of  parameters  t h a t  

minimizes some (perhaps weighted) r e s i d u a l  sum of  s q u a r e s .  

C e r t a i n l y  t h i s  is t h e  b e s t  se t  of  estimates of  t h e  parameters  

t h a t  c h a r a c t e r i z e  t h e  5 ' s .  I t  does no t  f o l l o w ,  however, 

t h a t  any p a r t i c u l a r  estimate i n  t h i s  set is t h e  b e s t  est i-  

m a t e  ( t h e  one w i t h  minimum v a r i a n c e )  of i ts co r re spond ing  

pa rame te r .  

- 

I t  may be bet ter ,  by u s i n g  t h e s e  independent  estimates 

o f  some of  t h e  se t ' s  parameters ,  t o  f i n d  l e a s t - s q u a r e s  

estimates of  t h e  remaining parameters  o f  i n t e r e s t .  Th i s  

s h o u l d  g i v e  a l a r g e r  r e s i d u a l  sum of s q u a r e s  b u t  a smaller 

v a r i a n c e  of  a g i v e n  pa rame te r ' s  es t imate .  

To i l l u s t r a t e  ou r  c o n t e n t i o n ,  c o n s i d e r  t h e  f o l l o w i n g  

s i m p l e  example. L e t  

where 5 ,  V,, and 9, are measurable  phenomena and 
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and y a r e  unknown parameters .  Suppose w e  obse rve  n 

independent t r i p l e s  (Xl, VI,,, V21), ..., (Xn, Vln, V2n)I 

where Xi = si  + Ui and t h e  V ' s  are  observed  w i t h o u t  

e r r o r .  We assume t h a t  t h e  U i ' s  are independent  and 
2 i d e n t i c a l l y  d i s t r i b u t e d  w i t h  mean z e r o  and  v a r i a n c e  o . 

Both fi and y a re  pa rame te r s  c h a r a c t e r i z i n g  5 .  But 

supposing t h e  parameter  of p a r t i c u l a r  i n t e r e s t  t o  be fi, 
w e  s h a l l  contrast  two e s t i m a t i o n  procedures--one which 

assumes a v a l u e  of y and estimates o n l y  fi, and a n o t h e r  

which e s t i m a t e s  bo th  p and 

Define 

n 
- cx;, 

i=l sx - 

n 

Y =  

and 

f o r  j, k = 1, 2 .  Now suppose w e  assume t h a t  t h e  v a l u e  o f  

y is some c o n s t a n t  

Then t h e  l e a s t - s q u a r e s  e s t i m a t o r  of fi is 

a u n i v e r s a l l y  a c c e p t e d  v a l u e ,  s a y .  
YO 

- 
A sx l  y o  s12 
P ( Y o )  = 

sll 

Th i s  e s t i m a t o r  h a s  expec ted  v a l u e  



-11- 

so t h a t  its b i a s  is (y - yo) S12/S11 . 
An unb iased  estimate of o2 is 

and  t h e  v a r i a n c e  of b ( y , )  is e s t i m a t e d  by 

L e t  u s  c o n t r a s t  t h i s  wi th  t h e  case i n  which both /3 

ai~c! 7 are eatiiiiateci from t h e  same exper iment  v i a  least  

s q u a r e s .  I n  t h i s  case t h e  l e a s t - s q u a r e s  e s t i m a t o r s  of 

and Y are  

L 1 8 =  sxl s22 - sx2 n 512 
Y 

sll s22 - Sf2 

A sx2 sll - sxl s12 
Y =  n 9 

sll s22 - sT2 

which are bo th  unb iased .  An unbiased  estimate of o2 is 

and t h e  v a r i a n c e  of is is e s t i m a t e d  by 
A2 = s22 iiil- 

- %lS22 - Y 2  
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We i l l u s t r a t e  t h e  d i f f e r e n c e  between $[ 1 (Yo)] and 
A A  V[P] by t h e  f o l l o w i n g  t a b l e ,  based on  d a t a  t a k e n  f r o m  

Example 20.1 of Reference [3 ] .  In t h i s  example,  Y = .662249. 

S i n c e  both V [ j 3 ( Y o ) ]  and t h e  a b s o l u t e  v a l u e  of t h e  b i a s  

of $ ( Y o )  a r e  symmetr ic  f u n c t i o n s  of e ,  w e  t a b u l a t e  them 

on ly  f o r  E > 0 ,  and,  i n s t e a d  of s t u d y i n g  t h e  e f f e c t  of 

vary ing  

A 

A A  

A *  

on  V[fi(Yo)], w e  s h a l l  f o r  convenience  e x p r e s s  
A &  

as Yo = .662249 + E and t a b u l a t e  VIP(Yo)] as  a 

f u n c t i o n  of  E .  We a l s o  t a b u l a t e  t h e  b i a s  of ; ( Y o )  on 

t h e  assumption t h a t  Y = .662249. 

E - 
.008 

,018 

.028 

.038 

.048 

,058 

A 

B i a s  of P ( Y 0 )  

.0048 .01166 

.0109 .01180 

.0169 ,01205 

.0230 .01241 

.0290 .01288 

.0351 .01347 

Since 

n 
min min C ( x i  - @qli - yvai) 2 

y j3 i=l 

n 
A A 

i=l 

and s i n c e  
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A 

w e  see t h a t  b ( ? )  = p .  We f i n d  f o r  t h i s  example t h a t  
A A  

= V[p($)] = .01338. Comparing t h i s  w i t h  t h e  t a b u l a t e d  

v a l u e s ,  w e  see t h a t  i f  w e  do no t  estimate y from t h e  d a t a  

b u t  i n  f a c t  u s e  a n  accep ted  v a l u e  Yo of  Y w i t h i n  

+ .055 of ? y  t h e n  our  e s t i m a t e  f l ( Y o )  has  a smaller 

v a r i a n c e  t h a n  t h a t  based on m u l t i p l e  regression.  

p a r t  of t h i s  is a r e f l e c t i o n  of  t h e  f a c t  t h a t  i n  computing 

V [ ~ I  w e  t rea t  o u r  concomitant estimate of  Y ,  + y  as  a 

random v a r i a b l e ,  whereas i n  computing V[ {(Yo)] 

o u r  estimate of  Y, Yo, a s  a c o n s t a n t .  

A 

- 
Of course, 

w e  t rea t  

The independent  e s t i m a t e  Yo of Y may be a random 

v a r i a b l e ,  a n  estimate of Y based on an independent  random 

sample,  w i t h  mean Y and v a r i a n c e  P 2 . I n  t h a t  case, 

I n  o u r  example, (Slz/S11)2 = 18.67; so f o r  

2 
Q (Yo) 

s1 1 
-01338 - 

2 
= Tu 9 18.67 T2 - < 

A A 

p ( y o )  is a b e t t e r  estimate of t h a n  is fi. For t h e  
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above va lues  of E ,  the  following a r e  upper bounds on 7 ,  

the  standard d e v i a t i o n  of Y o .  

E 

.008 

- U r 

.0096 

.018 .0092 

.028 .0084 

.038 .0072 

.048 .0052 
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4 .  ESTIMATES BASED ON INVERSES OF PHYSICAL RELATIONSHIPS 

A l l  u n r e p l i c a t e d  experiments  f o r  de t e rmin ing  on ly  t h e  

can  be d e s c r i b e d  i n  the  f o l l o w i n g  way. The ate9 a .u . ,  

t r u e  v a l u e ,  5 ,  is related t o  a by t h e  known p h y s i c a l  

r e l a t i o n  5 = f ( a e ) ;  t h e  observed v a l u e  X is t h e  sum of 

5 and U, where U is a random o b s e r v a t i o n a l  error un- 

correlated w i t h  5. whose expected v a l u e  is zero. One 

t h e n  estimates 

v a r i a b l e  whose v a r i a n c e  e q u a l s  9, t h e  v a r i a n c e  of U, 

t h e  estimate & is a l s o  a random v a r i a b l e ,  whose v a r i a n c e  

we shall now approximate. 

If w e  expand f"(X) 

8 

a@ by ke = f -1 (X). S i n c e  X is a random 

@ 

i n  T a y l o r  series around 5 = f (ae) 

and r e t a i n  f i r s t - o r d e r  terms, w e  o b t a i n  

where f ' ( a  ) is t h e  d e r i v a t i v e  of f e v a l u a t e d  a t  

t h e  t r u e  a . u .  Then 
@ 

Notice t h a t ,  based on t h i s  expans ion ,  w e  have 

E&,] I f  w e  look c l o s e l y  a t  t h e  i n v e r s i o n ,  though,  by 
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examining t h e  second-order  terms, w e  f i n d  t h a t  

so t h a t  

= + 

where f " ( a  is t h e  second d e r i v a t i v e  o f  f e v a l u a t e d  

a t  a 

e s t i m a t e  of a 

03 
Thus u s i n g  f - l (X)  a s  h y i e l d s  a b i a s e d  

@ '  8 
and t h i s  b i a s ,  b(a@),  can  be e v a l u a t e d .  

Keeping t h i s  i n  mind, l e t  u s  look  a t  t h e  JPL estimates 
e' 

of a@ based on d a t a  d e r i v e d  from radar s i g n a l s  r e f l e c t e d  

from Venus. P o s s i b l e  measurable  phenomena, a t  any p o i n t  

i n  t ime, are  range  and r a d i a l  v e l o c i t y .  

The p h y s i c a l  r e l a t i o n ,  f ,  between 5 and t h e  a . u . ,  

i s  s i m p l e s t  t o  e x p r e s s  i f  w e  assume t h a t  t h e  o r b i t s  e' a 

of Ear th  and  Venus are c o n c e n t r i c ,  c i r c u l a r ,  and c o p l a n a r .  

S ince  t h e s e  o r b i t s  have low e c c e n t r i c i t i e s  and i n c l i n a t i o n s ,  

t h e  approximation is r e a s o n a b l e  ove r  t h e  r e l a t i v e l y  b r i e f  

p e r i o d  of o b s e r v a t i o n  of  t h e  JPL exper iment .  

Let us  measure t i m e  from t h e  Earth-Venus c o n j u n c t i o n  

(so t h a t  t = 0 a t  c o n j u n c t i o n ) .  We d e f i n e  a a s  t h e  

semi-major a x i s  of t h e  o r b i t  of Venus, and 
9 

? 
and T Te 
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periods of Earth and of Venus. 

is known precise 

We assume 

y, as is 

Then, k = 2 a m 0  (or equivalently, Gauss’s constant). 

since a = 6 

nomena are functions only of 

concerned with are: 

the aforementioned measurable phe- -2/3 a 
e’ 9 . The three we shall be a@ 

= f (a ) ;  2 9  

radial acceleration: -f2(ae)/fl 2 (ae) + {k262/3(6-l) 2 

cos[(b-l)kt a -3/2 ]}/a, fl(aQ) = f3(a&. 
8 

We suppress for the moment the dependence of fl and f2 

on t, because we are only concerned here with the variance 

of a single determination of a n 

e* 
We see that 
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L e t  XI be t h e  observed r ange  of  Venus at t i m e  t ,  w i t h  

U1 i t s  a s s o c i a t e d  random e r r o r .  L e t  X2 be t h e  observed  

rad ia l  v e l o c i t y  of Venus a t  t i m e  t ,  w i t h  U2 its as- 

s o c i a t e d  random e r r o r .  L e t  a& = f l  (Xl), a@ = f 2  (X,), A 1  -1 A 2  -1 

2 = v[u11, and o2 = V [ U 2 ] .  Then 
O 1  

Reference 161 g i v e s  s c a n t  i n d i c a t i o n  a s  t o  t h e  v a l u e  

of o1 a n d  02. Its only  s t a t e m e n t  r e l a t i n g  t o  o1 is 

t h e  fo l lowing :  “The accuracy  of t h e  t i m e - o f - f l i g h t  measure- 

ment is about  1 mil l isec i n  a t y p i c a l  round t r i p  f l i g h t  t i m e  

of 3 x 10 mill isec.” L e t  u s  i n t e r p r e t  t h i s  a s  s a y i n g  t h a t  5 

al = (1/3)10-551, where 5, is t h e  t r u e  range  a t  a par-  

t i c u l a r  t i m e  e 

I n  t h e  same r e f e r e n c e ,  t h e  o n l y  s t a t e m e n t  r e l a t i n g  t o  

O2 

about  one p a r t  i n  lo5.** 
is t h a t  t h e  “accuracy  of  t h e  v e l o c i t y  measurement is 

We i n t e r p r e t  t h i s  a s  s a y i n g  t h a t  

O2 = t2, where 5 ,  is t h e  maximum t r u e  dopp le r  s h i f t  

of  t h e  exper iment .  So i n t e r p r e t e d ,  t h i s  s t a t e m e n t  is 

mis l ead ing ,  a s  i t  s u g g e s t  t h a t  e r r o r s  i n  v e l o c i t y  measurement 

a re  s m a l l ,  when, i n  f a c t ,  t h e  a b s o l u t e  magnitude of  O2 is 

q u i t e  great  f o r  l a r g e  dopp le r  s h i f t s .  

Reference [ 4 ]  s t a t e s  t h a t  t h e  doppler - f requency  c o u n t e r s  
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had a r e s o l u t i o n  of 1 c y c l e  per  second.  W e  have a l so  

l e a r n e d  [2] t h a t  t h e  e s t ima ted  s t a n d a r d  d e v i a t i o n  of t h e  

R ( t ) ' s  is 0 .14  m/sec. Since 

where M ( t )  is t h e  dopp le r  f requency s h i f t  a t  t i m e  t and 

= 2388 megacycles,  w e  see t h a t  
f O  

9 - 2.4 x 10 x .14 
2 X 3 X 1 0  8 

- 

= .56 cycles, 

which is c o n s i s t e n t  w i t h  t h e  r e s o l u t i o n  in fo rma t ion .  W e  

t h e r e f o r e  u s e  1 . 4  x km/sec as 02. 

Tab le  1 g i v e s  v a l u e s  of h$-j and of  , 8 
a s  c a l c u l a t e d  from t h e  above approx ima t ions ,  f o r  v a r i o u s  

v a l u e s  of t (t = 0 being t h e  t i m e  of c o n j u n c t i o n ,  roughly  

A p r i l  10.4,  1961). 
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Table 1 

t (days) 

-11 .4  

- 5 . 4  

- 1 . 4  

1 . 6  

5 .6  

11.6 

21.6 

Date JV[ km 

March 30 600 

A p r i l  5 525 

A p r i l  9 500 

A p r i l  12 500 

A p r i l  16 525 

A p r i l  22 600 

May 2 1425 

da km 

6300 

12500 

48000 

40000 

12500 

6300 

4000 

is on t h e  o r d e r  of  km, r e n d e r i n g  A 1  

a@ 
The b i a s  of 

n e g l i g i b l e  s y s t e m a t i c  e r r o r s  i n  h i .  
i t ,  w e  s u s p e c t  t h e  same f o r  t h e  b i a s  of 

Without de t e rmin ing  
A2 
a@* 

The o r d e r  o f  magnitude of  l 6 $  is c o n s i s t e n t  w i th  

t h e  2100 f i g u r e  g iven  i n  Reference  [ 41 , f o r  i f  w e  d i s r e g a r d  

t h e  May 2 o b s e r v a t i o n  a s  be ing  s p u r i o u s l y  h i g h  due t o  t h e  

i n a p p r o p r i a t e n e s s  o f  ou r  assumpt ions ,  t h e  s t a n d a r d  d e v i a t i o n  

of t h e  ave rage  o f  t h e  s i x  a . u .  d e t e r m i n a t i o n s  (assuming no 

c o r r e l a t i o n )  is 125. 

On t h e  o t h e r  hand, t h e  s t a n d a r d  d e v i a t i o n s  of t h e  

doppler-frequency estimates a s  g iven  i n  Table  1 are  much 

l a r g e r  t han  t h o s e  c o n s i s t e n t  w i t h  a 500-km s t a n d a r d  d e v i a t i o n  

of a n  ave rage .  However, s i n c e  t h e  JPL estimates and s t a n d a r d  

d e v i a t i o n s  are based on t h e  e a s t e r n  and w e s t e r n  e l o n g a t i o n  

of Venus, r a t h e r  t h a n  on c o n j u n c t i o n  d a t a ,  t h e  c i t e d  500-km 
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(and p o s s i b l y  even the  200-km) standard d e v i a t i o n  can be 

t h e  result of bas ing  t h e  a . u .  estimate on enough uncorre lated 

a . u .  determinat ions  with standard d e v i a t i o n s  of 6000 km or 

less. 
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